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Artificial blood oxygenation
During cardiopulmonary bypass (CPB) procedures, it is necessary to maintain physiological levels of oxygen and carbon dioxide in the blood. To do this, the patient is connected to a blood-gas exchange device (commonly known as a blood oxygenator) which replaces the respiratory function of the natural lungs. Such devices have a relatively long history, and by the end of the nineteenth century two different methods of organ perfusion had been developed: von Schröder [] designed a bubble oxygenator in  while in  von Frey and Grubber [] developed a rotating disc oxygenator. However, probably the first successful device was created by Gibbon [] whoinproducedaverticalscreen oxygenator, a variant of which was eventually employed in the first successful clinical cardiopulmonary bypass procedure in  [] . However, there was general agreement that direct contact between the gas and blood phases, which occurred in these devices, was not conducive to prolonged use surgically. Thus with the advent of polydimethysiloxane (silicon rubber), membrane oxygenators were constructed, initially using a parallel plate configuration, with alternating layers of blood and oxygen, separated by a semi-permeable membrane.
Oxygenator design was further modified by the utilisation of thin-walled hollow fibres (typically  μm internal diameter). This version of the oxygenator more closely resem-bled the capillary beds present in natural lungs. In this design, either blood or oxygen can flow down the hollow fibre, while the other medium flows outside. In the original hollow fibre devices blood was contained within the fibre lumen and they were termed intraluminal flow (ILF) [, ] . However, it was found that this configuration required large areas of membrane material (approximately . m  for adult CPB) and that the gas transfer efficiency was limited by the ability of oxygen to diffuse in blood. A further revision of the hollow fibre device therefore had blood flowing through a hollow fibre matrix with oxygen diffusing from within the fibre lumens. This is known as extra-luminal flow (ELF) and was found to be - times more efficient in gas transfer than ILF due to the advective enhancement of the transport process in the blood phase. Whichever geometry of oxygenation device used, the process of oxygenation of blood is the same. Oxygen is pumped into the device across a semi-permeable membrane and so enters the blood by being dissolved in the blood plasma. This dissolved oxygen then becomes bound to haemoglobin in the red blood cells through a reaction that occurs at the cell membrane. The take-up of oxygen by the cells is, however, limited and there exists a maximum level of the concentration of bound oxygen. In order to model a blood oxygenation device it is necessary to consider the concentrations of both dissolved and bound oxygen and the effects of advection, diffusion and reaction.
There have been numerous early studies conducted into mathematically and numerically modelling this type of gas transfer (see e.g. [-]). These modelling studies have tended to predict greater efficiency with the use of ELF. More recent work includes that of Hewitt et al. [] who considered an intravenous membrane oxygenator with a pulsating balloon catheter, Suitek [] and the references therein although this work largely concentrates on rectilinear flows and considers the nonlinear aspects of the oxygen binding-unbinding reaction kinetics. There is also a vast literature on the analytic and numerical modelling of the flow of blood in physiological situations, for instance with arterial branching and compliant arterial walls (see [] and references therein). However, in our present situation we are considering an artificial oxygenator with a single capillary and non-compliant walls and therefore significant simplification of the mathematical model is possible.
In recent work [], we have experimentally considered transverse flow-enhanced oxygenation in a simple oxygenation device. In this situation we used a helical element inserted into a capillary (see Figure ) . This type of mixer element has previously been shown to mix two species within a flow, enhancing diffusive mixing by introducing transverse and angular velocities into the normally rectilinear flow. In [] we investigated a single capillary, through which either water or blood flowed, and into which oxygen permeated through the semi-permeable membrane that made up the wall of the capillary. The experimental system is sketched in Figure  . In this experiment the caplliaries were constructed from Celgard , a semi-permeable membrane that can be formed with or without the mixer element included. Twelve devices, six with static mixers and six without, with the mixers coated with Sigmacote in order to prevent blood clots forming on the mixer blades. These capillaries were then housed within a gas-impermeable plastic housing into which oxygen could be introduced and thus enter into the lumen through the semi-permeable membrane.
The blood was heated to °and the oxygen levels were raised to physiological venous levels and measured. As indicated in Figure  ,asyringepum p(mlJMSS P - )was used to drive the blood through the membrane. Blood samples were taken at the device entrance and exits via three-way taps. These samples were used to measure the oxygen partial pressure levels (using a Siemens RAPIDLab  blood/gas analyser) and the haematocrit and oxygen saturation of the blood (using a Hawksley Micro Haematocrit Centrifuge and a Radiometer OSM- Haemoximeter) before and after the blood had passed through the oxygenator. From these measuements the increase in blood oxygen fractional saturation (S, defined below in Section ) could be calculated. The oxygenator was ventilated with % oxygen, at a flow rate of  ml min - . Further experimental details are included in
As testing was performed on single capilliaries, blood flow rates remained at low levels. The blood flow rates were varied between  ml min - and  ml min - in  ml min - increments. Preliminary experiments were conducted with water instead of blood and conclusively showed that the presence of the mixer enhanced the levels of dissolved oxygen. A three dimensional numerical study, included the mixing elements, using COMSOL Multiphysics [] was also undertaken and agreed very well with the experimental results [] . It was found that, with no mixing element present, the oxygen transfer from the membrane towards the centre of the lumen was due to diffusion only. However, with a mixing element inserted, the introduction of a transverse flow velocity, from the region of high oxygen concentration at the membrane to low oxygen concentration away from the wall, enhanced the diffusion process and led to greater oxygen levels, of up to %, by the time the water had passed through the device. The scaling of this effect was tested by introducing different lengths of mixing elements and, rather than being a mixing phenomena which increased the effective diffusion constant, it was found that the increased oxygenation was due to the advection of oxygen saturated blood from the membrane wall to the centre of the capillary [] . The same effect also occurred in the blood flow experiments. Figure  shows the experimental results, indicating a much more modest increase in oxygen transfer of only around %. Even though these results showed that only a limited oxygenation enhancement could occur it was felt that this type of effect, a transverse flow induced increase in oxygen levels, once optimised, could be used to make more efficient and smaller oxygenation devices.
In this paper, inspired by these results, we consider a much more general model of transverse flow enhanced oxygenation, for a planar rather than a cylindrical device. The model presented below is therefore a significant simplification of the experiment described above but contains the essential features: the dominant flow of a liquid in one direction; with a semi-permeable membrane introducing oxygen through diffusion in a direction perpendicular to the flow; together with a transverse flow from the membrane into the main flow region. Through the use of Laplace transforms, analytic and asymptotic solutions are obtained to the resulting advection-diffusion problem. Numerical solutions are obtained for a more complete model, and compared to the analytic and asymptotic solutions. Good agreement between the numerical and analytical solutions suggests the simplifying assumptions are justifiable and leads to the possibility of prediction and optimisation for onetypeofbloodoxygenationdevice. 
Mathematical modelling
As indicated in the previous section, a model system will be proposed here, and we will consider the concept of transverse flow enhanced oxygen transfer using a parallel plate geometry. In this study therefore, the geometry to be modelled is the quarter plane x ≥ , z ≥ w i t ha ni n l e ta tz =  and a wall made of a semi-permeable material at x =,see Figure  .
For such a system the appropriate mathematical model for the concentration of a substance in a two dimensional geometry can, in general, be modelled by the advectiondiffusion-reaction equation, This short list of similar systems in which a concentration influx occurs at the boundary (i.e. from the soil surface or drug-eluting stent) leads to a type of mixed boundary condition that is similar to the situation we consider in this paper. Here we find that this set of equations is in fact analytically solvable through the application of Laplace transforms and can be simplified in some limiting, but physically relevant, cases to provide information which may be used to inform device construction and optimisation.
In general, for a Newtonian fluid the velocity and pressure may be found by solving the Navier-Stokes equations for the conservation of momentum, coupled with the mass conservation equation. However, blood is not Newtonian: the flow profile is known to be much closer to plug flow than Poiseuille flow. If the device is not too small then 'Newtonian' plug flow with a fixed (effective) viscosity is not an unreasonable model [] . Thus, we shall simply consider a constant form of the fluid flow in the z-direction, w =w, x >. Furthermore, in this study we have also included an effective component of velocity in the x-direction,ū. Since we are aiming to demonstrate the influence of a transverse flow in general, rather than through a specific realisation, we take a simplified approach. Therefore, although normally the geometric form of the mixer, such as a solid helical screw-type element, will introduce fully three-dimensional flow, we will replace the mixer with a constant component of velocity in the x-direction. The two non-zero constant components of velocity, therefore, will be taken to be
The assumption of constant flow velocity is a significant simplification and the correct form of the flow, a solution to the Navier-Stokes equations together with the mass conservation equation, would affect the concentrations through the convective term in Eq. (). However, under the assumption that the flow is almost plug-like, and in order to obtain analytic solutions so that we may derive a predictive model for use in the optimisation of the device, we will continue with this constant velocity model. In this study, in addition to the fluid velocity, we shall model two coupled concentrations: c b , the concentration of oxygen bound to haemoglobin, and c d , the concentration of dissolved oxygen in the system. There are, therefore, two concentration equations coupled through a reaction function f (c b , c d ). This function models the reaction whereby dissolved oxygen and haemoglobin combine to produce oxygen bound to haemoglobin, as well as the reverse reaction whereby bound oxygen reverts to dissolved oxygen. From equation (), the two concentration equations may be written as
and
where the reaction term is of opposite sign in the two equations because oxygen is neither lost nor created during the reaction: that is, oxygen either changes from dissolved to bound or the reverse. The two diffusion coefficients, D b and D d , denote, respectively, the diffusion coefficients in blood for the concentration of oxygen bound to haemoglobin and the concentration of dissolved oxygen. In almost all the previous studies of such a system mentioned above [-, ]theproblem is solved numerically, and some assume the flow in the direction normal to the main pressure-driven flow is small, i.e.ū = . We shall not make this assumption. Rather, we shall make the very reasonable assumption that bound oxygen is primarily transported by advection, rather than diffusion, that is, D b =.
It is usual in this field (e.g.
[]) to consider partial pressure of the dissolved oxygen, P O  , rather than the concentration, c d . Following this convention, the equation for c d will be replaced by one for the partial pressure using the relationship
where α O  is the solubility of oxygen in blood. With these assumptions equations ()and ()become
It is important to consider the timescale of the reaction term f (c b , α O  P O  )whichdescribes the process of dissolved oxygen becoming bound and vice versa. It is often assumed that the forward and reverse reactions are sufficiently fast that an equilibrium between dissolved and bound oxygen occurs effectively instantaneously [] . An empirical relationship between c b and P O  is then assumed from experimental data. With this relationship it is then only necessary to solve one of the two equations ()and(). The remaining variable is then determined from the empirical relationship. One commonly used form for this empirical relationship is the Hill formula [], which assumes that n molecules of dissolved oxygen combine with a single molecule of haemoglobin to form a single molecule of oxygenated haemoglobin. The steady state expression for the amount of bound oxygen can then be obtained from
where P . is the partial pressure of dissolved oxygen when half of the haemoglobin is saturated. In deriving this expression it is assumed that the haemoglobin can become saturated, that is we can define a maximum concentration of bound oxygen, c max ,suchthat c max = β O  c Hb where β O  is the oxygen carrying capacity of haemoglobin and c Hb is the concentration of haemoglobin present in the blood. In equation () n can either be assumed to be a model variable or found empirically. In a single reaction the number of molecules of oxygen binding to the haemoglobin may be between one and four and the empirically derived value (around n =.-seee.g.
[]) is a stochastic average of many reactions. The fractional saturation,
is frequently employed as a dependent variable [] . Therefore, by assuming the steady state form of equations ()and() and introducing the expression for the fractional saturation we obtain
Since S is a function of P O  we may write equation ()intheform
which may be employed to eliminate the reaction term in ()toobtain
This is now the sole governing equation for the system with the flow velocity (u, w)given by () and the expression for S given by equation (). In order to solve this governing equation, boundary conditions for the dependent variable will need to be specified. At the inflow end of the device, where z = , it is assumed that there the blood enters with a fixed partial pressure of dissolved oxygen, P O  = P i .At the blood-oxygenating membrane interface we assume that the flux of dissolved oxygen into the region is due to the injection of oxygen through the membrane,
which is the standard Fickian model for the injection of a chemical through a membrane where D m is the diffusion coefficient for oxygen in the membrane, α m is the solubility of oxygen in the membrane, τ denotes the thickness of the membrane and P g is the membrane O  partial pressure. However, since a semi-permeable membrane is used, through which there is no flow of blood, the velocity is zero and we obtain
The wall Sherwood number,
where L is a typical lengthscale in the x-direction, is often employed so that ()maybe re-expressed as
To simplify the analysis of this equation we will non-dimensionalise appropriate variables and parameters. We will use the lengthscale L introduced in equation ()( a n d which will later be specified as a typical device width) to rescale both x = Lx and z = Lz. The partial pressure could be scaled with a number of quantities but we choose to scale it with P max = c max /α O  , the effective maximum partial pressure of bound oxygen, so that c = P O  /P max .
Through these scalings the following non-dimensional parameters appear: the constant ratio of typical x-component to z-component flow speeds, ν =ū/w; a ratio of diffusive and advective terms, δ = D d /Lw; and the rescaled partial pressures, c . = P . /P max , c * = P g /P max , c  = P i /P max .
We therefore obtain the governing equation for the scaled partial pressure of dissolved oxygen in the regionx >,z >:
where the fractional saturation is given by
and the boundary conditions are
At this point it is important to note that the boundary conditions ()a n d( )a r ei ncompatible atx =,z = . This indicates that the constraint ()isunphysical.However , the analysis in the following sections allows a solution to be obtained even with this incompatibility. In fact, the numerical scheme to solve these equations has little difficulty in finding an approximate solution, although errors can be large at x =,z =.Thismay be overcome in the numerical scheme by regularisation: replacing the condition ()with c = c  (x), where c  (x) is a function which is compatible with the boundary condition () atx = . Later we specify a particular form of this boundary condition,
which is valid for any value of ǫ, termed the inlet correction parameter, in order to compute and plot the numerical solution. As we shall see later, even though the analytic solution must retain the unphysical condition () there is very good agreement between this and the numerical solution which uses the regularised condition (). The essential dimensional parameters that govern the system are provided in Table  . These may then be used to obtain the set of non-dimensional parameters required for the solution of the equations (), (), ()and(). These equation will later be solved numerically using the software package COMSOL Multiphysics [] . However, as we shall see in the next section, progress can be made analytically using a slightly simplified model.
A simplified model
We shall make two further assumptions so that we can employ the analytic expressions of the next section. These assumptions are justified below and also allow us to obtain useful qualitative (and quantitative) results which, possibly surprisingly, compare favourably with the numerical results of the model for the oxygenator device. We first assume that diffusion in the z-direction, parallel to the membrane, is negligible in comparison with advection in that direction. This is a common assumption in such devices due to the speed at which blood must be flowed through the device in order to mimic the flow in a human body.
The second assumption is that the effective diffusion coefficient in equation (), δ/( + ∂S/∂c), is approximately constant, and equal to δ, for the range of concentrations to be considered. This is certainly a reasonable assumption as can be seen from Figure  ,since the fractional saturation will, in our device, be bounded below by the scaled inlet partial pressure c  which corresponds to around % saturation. With these assumptions (and removing˜for ease of presentation) our simplified nondimensional model is the following:
subject to
and assuming that c(x, z) remains bounded for all x, z.(   )
Analysis of the advection-diffusion problem
In this section we shall employ Laplace transforms to obtain an analytic solution to the model specified by Eqs. (-); in addition some asymptotic forms are provided. On taking Laplace transforms of equation () with respect to the variable z we obtain
and condition ()hasbeenused. The ordinary differential equation () may then be solved to givē
where A(s)andB(s) are independent of x, but may be functions of the Laplace transform variable, s. Boundedness ()thenimplies
Taking Laplace transforms of ()(withrespecttoz)yields
which, with (), results in
Therefore, the solution in Laplace transform space becomes
To invert this Laplace transform we shall require the following lemmas:
The first of these Lemmas is standard and may be found in, for example, []whilethe second is given by McGinty et al. [] .
Noting that,
and identifying a := -ν  /δ and b :=
and identify a := x  /δ and b := ν  /δ in Lemma  so that
Thus, by convolution, we obtain
The analytic solution given in () involves an integral that may be numerically calculated. However, in certain asymptotic limits the integration can be achieved straightforwardly and useful analytic solutions can be obtained.
Large Sherwood number
One important limit occurs when the membrane oxygen pressure is high so that it is not limited significantly by the diffusion of oxygen away from the wall in the blood. In this case we may assume that the Sherwood number is large, i.e. Sh ≫ , which, from Table  , we see is certainly the case here. We may tackle this limiting case in two ways: return to the original model equations and assume that Sh ≫ ; or consider the solution of the full problem with Sh ≫ . In the first situation we consider again the problem defined by ()-(). As Sh →∞, the boundary condition ()becomes
Solving the problem (), (), ()and(), again using Laplace transforms, results in
wherec(x, s) is the solution in Laplace transform space. Using the results of the previous subsection allows us to invert ()tofindthesolution
Alternatively we may consider the solution to the full problem ()withSh →∞.W e first consider the function
which forms part of the full solution. We will now show that this function behaves as a delta function as Sh →∞,i.e.that,
We first consider ()
Now, I  =( √ δ)/ν using the fact that
To evaluate the second integral it is first necessary to interchange the order of integration and then use the definition of the gamma function ()toobtain
since γ → √ δSh as Sh →∞. Let us now consider x >andSh ≫ , (). Using the large argument expansion of the error function complement []
we observe that
Thus f (x) ∼ asγ →∞for any fixed value of x >. The case 'x =' ,(), is a little more subtle. There are really two limits: Sh →∞and x → ; and we need to prescribe how fast they tend to their respective limits. We consider the distinguished limit where xSh → asx → , or equivalently γ x → √ δ. This allows the problem to be reduced to one with a single limit:
which, upon using (), we see is, in fact, zero. Thus we have shown that the function f (x), given by () satisfies the three conditions, ()-() and so, in the limit of large Sherwood number, behaves like a delta function. Because of this we may simplify ()sothat
as in (). Figure  compares the exact analytic solution for the simplified model, (), the solution in the limit of large Sherwood number, (), and the numerical solution to the full model (), (), ()a n d( ). For this numerical solution we have used the software package COMSOL Multiphysics [] . COMSOL uses a relatively standard finite element approach (a direct nonlinear solver of the stationary system) and, due to the simplicity of the do- (17), (18) , (19) and (21) main, convergence in terms of mesh size is relatively easy to ensure (see [] for further details).
We see that the simplified model produces a solution that is very close (< .% error for the region we consider) to the more complete model. We can therefore conclude that the simplifying assumptions, that diffusion in the z-direction is neglected and that in the x-direction is constant, are reasonable for our set of parameter values. Even in the large Sherwood approximation the error is small if we are sufficiently far away from the point x =,z =,i.e.lessthan% error for x >.,z >..
There are two further limits that we will explore: considering the concentration profile at the membrane, where x =,andclosetotheinletatz =.
Near to the membrane: x =0
The first case we consider is the easier of the two cases since we may simply substitute x =into():
However, erfc(u)=-erf(u)anderf is an odd function so erfc(u)+erfc(-u)=.Thus() becomes
which, after interchanging the order of integration and a little manipulation, leads to
where α = ν/( √ δ). This solution is plotted in Figure  together with the full numerical solution. The agreement between the numerical solution and the analytic solution () is extremely good and the two plots are indistinguishable on this scale. The maximum percentage error between these two solutions is only .%. 
Near to the inlet: small z asymptotic expansion
Note that z ≪ implies(in()) that u ≪ . If we also assume that x/ √ u ≫ whenu ≪  then
Thus, for x ≫ √ u and  ≤ u < z ≪ ,
We further note that for  ≤ u < z ≪ , flow speed ratio ν. We see that, as we would expect, higher oxygenation levels are reached if the transverse flow is increased. Alternatively we can see that a fixed oxygenation level is reached at smaller values of z as transverse flow is increased.
If we assume that the device must increase the blood oxygenation level at all points of the outlet to at least % of the saturation level of blood then we must achieve S =.atx =.
We denote the distance through the device at which S =.isachievedasz c . Figure(b) shows the dependence of z c on the transverse flow ratio. We see that even moderate values of transverse flow will significantly reduce the necessary length of the oxygenation device.
In fact we can find an implicit analytic form of the z c (ν) function plotted in Figure (b) .
The value of c,sayc Sc , that ensures a particular saturation, say S c ,isderivedfrom(). 
This equation must in general be solved for z c numerically, but such a numerical scheme will be significantly faster than any two-or three-dimensional solution of the full nonlinear model for the device flow and concentration profiles. The ability to obtain this final result, a semi-analytic solution for the distance z c which is an indication of the length of device required, or other similar quantities derived from the analytic solution (), is the justification for the simplifications made during the modelling stage. Using such results will assist a full device optimisation, that would inevitably involve a two-or three-dimensional model coupled with the solution of the Navier-Stokes equations and the equation of mass conservation for the fluid. In order to perform such an optimisation, it would be necessary to search over what might be a prohibitively large parameter space: the simple model provided in this paper will substantially reduce the region of search by indicating approximate parameter values that will deliver the required oxygenisation for a specific device geometry.
5C o n c l u s i o n s
In this article we have provided a brief history of the artificial lung, or oxygen transfer device and described a mathematical model consisting of two coupled advection-diffusionreaction equations. A number of simplifications and assumptions were made reducing the problem to a single stationary advection-diffusion equation which we then showed could be solved analytically using Laplace transforms and convolution. Some special cases were considered: large Sherwood number; solution close to the membrane (x = ); solution near to the inlet (small z); and large x and z asymptotics. These results were then compared with a numerical solution of the original model and good agreement was obtained, justifying the assumptions and simplifications made. Thus predictions and some degree of device optimisation have been proposed as useful applications of the theoretical model.
